Introduction
In this paper we prove backward uniqueness for solutions of |∂ t u + u| M (|u| + |∇u|)
(1.1) in Q R,T = R n \ B R × [0, T ], where B R = {x ∈ R n : |x| R}. Our main result, Theorem 1 below, says that under natural regularity assumptions on u, any solution of (1.1) with controlled growth at infinity which vanishes at t = 0 must vanish identically. The required growth condition is
The main point of the theorem is that the values of u at the parabolic boundary of Q R,T are not controlled by the assumptions. When Q R,T is replaced by R n ×[0, T ] the statement of Theorem 1 follows, for example from [2] and [17] . Papers [14, 18, 20] also contain important related results. We remark that classical examples of A. N. Tikhonov show that Theorem 1 fails, even in R n × [0, T ], when the growth condition (1.2) is slightly weakened.
One interesting consequence of Theorem 1 is that it settles a well-known problem in the regularity theory of the Navier-Stokes equations. This is explained in [19] , where Theorem 1 was conjectured and proved for bounded u in the simple case when (1.1) is satisfied with M = 0. To formulate the result implied by Theorem 1 and [19] , let us consider the classical Cauchy problem for the incompressible Navier-Stokes equations in
( 1.3) We assume that v 0 is a smooth divergence-free vector field with suitable decay at ∞. It is known that the problem (1.3) has at least one Leray-Hopf weak solution. (See, for example, [12, 7] .) As proved in [19] , Theorem 1 implies the following result.
Theorem. In the notation introduced above, assume that a Leray-Hopf weak solu-
In fact, it can easily be seen from this and the local well-posedness of (1.3) in L 3 (see [11] ) that the following slightly stronger statement is true: If v 0 is as above and a Leray-
Theorem 1 is also of interest in control theory. Micu & Zuazua have shown in [16] the lack of null controllability of the heat equation on the half space for any positive time with L 2 control on the lateral boundary and for a large class of initial data. Theorem 1 shows that the same holds for operators ∂ t + + b · ∇ + c when b and c are bounded functions, and for domains containing the complement of a ball in R n . In fact, b and c can be considered as additional controls and the theorem says that under the growth assumption (1.2) null controllability by bounded controls for u t + u+b·∇u+cu = 0 is not possible, except for the trivial case when u vanishes identically. For exact controllability of the heat equation for bounded domains we refer the reader to [10, 15] , for example.
The proof of Theorem 1 uses the following Carleman inequalities: 1. Set σ (t) = te −t/3 and σ a (t) = σ (t + a). Then, there is a constant N = N (n) such that the inequalities
hold for all α 0, y ∈ R n , 0 < a < 1 and u ∈ C ∞ 0 (R n × [0, 1)) verifying u(., 0) ≡ 0. 2. There is a constant α 0 = α(R, n) such that the inequalities e α(T −t)(|x|−R)+|x| 2 u L 2 (Q R,T ) + e α(T −t)(|x|−R)+|x| 2 ∇u L 2 (Q R,T ) e α(T −t)(|x|−R)+|x| 2 ( u + ∂ t u) L 2 (Q R,T ) + e |x| 2 ∇u(., T ) L 2 (R n \B R ) (1.5) hold for all α α 0 and u ∈ C ∞ 0 (Q R,T ) satisfying u(., 0) ≡ 0.
